Fourier Method of
Waveform Analysis

17.1 INTRODUCTION

In the circuits examined previously, the response was obtained for excitations having constant,
sinusoidal, or exponential form. In such cases a single expression described the forcing function for
all time; for instance, v = constant or v = V' sin wt, as shown in Fig. 17-1(a) and (b).
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Fig. 17-1

Certain periodic waveforms, of which the sawtooth in Fig. 17-1(c) is an example, can be only locally
defined by single functions. Thus, the sawtooth is expressed by f(¢) = (V/T)t in the interval 0 < t < T
and by f(1) = (V/T)(t — T) in the interval T < t < 2T. While such piecemeal expressions describe the
waveform satisfactorily, they do not permit the determination of the circuit response. Now, if a periodic
function can be expressed as the sum of a finite or infinite number of sinusoidal functions, the responses
of linear networks to nonsinusoidal excitations can be determined by applying the superposition
theorem. The Fourier method provides the means for solving this type of problem.

In this chapter we develop tools and conditions for such expansions. Periodic waveforms may be
expressed in the form of Fourier series. Nonperiodic waveforms may be expressed by their Fourier
transforms. However, a piece of a nonperiodic waveform specified over a finite time period may also be
expressed by a Fourier series valid within that time period. Because of this, the Fourier series analysis is
the main concern of this chapter.
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17.2 TRIGONOMETRIC FOURIER SERIES

Any periodic waveform—that is, one for which f(¢) = f(¢ + T)—can be expressed by a Fourier series
provided that

(1) If it is discontinuous, there are only a finite number of discontinuities in the period T;
(2) It has a finite average value over the period T
(3) It has a finite number of positive and negative maxima in the period 7.

When these Dirichlet conditions are satisfied, the Fourier series exists and can be written in trigonometric
form:

f() =%ayg+ a coswi + a; cos 2t + a; cos 3wt + - - -
+ by sin wt + b, sin 2wt + by sin 3wt + - - - (1)

The Fourier coefficients, a’s and b’s, are determined for a given waveform by the evaluation
integrals. We obtain the cosine coefficient evaluation integral by multiplying both sides of (/) by
cosnwt and integrating over a full period. The period of the fundamental, 27r/w, is the period of the
series since each term in the series has a frequency which is an integral multiple of the fundamental
frequency.

2n/w 2r/w 27/ w
J f(t)cosnwt dt = J 5 cos nwt dt +J a, coswtcosnwt dt + - - -
0

0 0
21 /w 21/ w
—i—J a, cos” nwtdt+---+J b sin wt cos nwt dt
0 0
27/ w
+ J b, sin 2wt cos nw dt + - - - 2
0

The definite integrals on the right side of (2) are all zero except that involving cos® nwt, which has the
value (w/w)a,. Then

21/ w T
a, =2 J F(t)cos natdi = = J F(tycos 2 4t 3)
T Jo T 0 T

Multiplying (/) by sinnwt and integrating as above results in the sine coefficient evaluation integral.

27/w 2 (T 2
b, =2 J () sinnwt dt = = J F(ysin 22 gr 4)
T Jo T 0 T

An alternate form of the evaluation integrals with the variable ¥ = wt and the corresponding period
27 radians is

2
anzﬂ F(y)cosny dy 3)

0

2
b”=1j F(y)sinny dy ©)

T Jo

where F(y) = f(¥/w). The integrations can be carried out from —7'/2 to T /2, —n to 4+, or over any
other full period that might simplify the calculation. The constant ¢ is obtained from (3) or (5) with
n = 0; however, since %ao is the average value of the function, it can frequently be determined by
inspection of the waveform. The series with coefficients obtained from the above evaluation integrals
converges uniformly to the function at all points of continuity and converges to the mean value at points
of discontinuity.
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EXAMPLE 17.1 Find the Fourier series for the waveform shown in Fig. 17-2.

wt

Fig. 17-2

The waveform is periodic, of period 27/w in ¢ or 2 in wt. It is continuous for 0 < wt < 27 and given therein
by f(¢) = (10/27)wt, with discontinuities at wt = n2w where n =0, 1,2,.... The Dirichlet conditions are satisfied.
The average value of the function is 5, by inspection, and thus, %ao =5. Forn=>0, (5 gives

2

1 (* (10 10 [or . 1
a, =— 5= Jwtcos nwt d(wi) = — | — sinnwt + — cos nwt
7)o \27 2nc | n n 0

10
=537 (cosn2mw —cos0) =0
TN

Thus, the series contains no cosine terms. Using (6), we obtain

1710\ . 10 [ wr 1. 10
b, =— 5= Jwtsinnwt d(wf) = ~— | —— cosnwt + — sinnwt | = ——
7)o \27 2w n n 0 n

Using these sine-term coefficients and the average term, the series is

1 1 1 10 S ;
S = 5—;0 sinwt—%sin2w1—3—g sin 3wt —--- = 5_;0;&11:“)

The sine and cosine terms of like frequency can be combined as a single sine or cosine term with a
phase angle. Two alternate forms of the trigonometric series result.

f(0) =%ap+ 3¢, cos (nwt — 6,) )

and f(0)=3ay+ Z ¢, sin (nwt + ¢,) €))

where ¢, = /a2 + b2, 6, = tan" (b, /a,), and ¢, = tan"'(a,/b,). In (7) and (8), ¢, is the harmonic
amplitude, and the harmonic phase angles are 6, or ¢,.

17.3 EXPONENTIAL FOURIER SERIES

A periodic waveform f(¢) satisfying the Dirichlet conditions can also be written as an exponential
Fourier series, which is a variation of the trigonometric series. The exponential series is

f(y=>" A )

n=—00

To obtain the evaluation integral for the A, coefficients, we multiply (9) on both sides by ¢ 7" and

integrate over the full period:
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2 2 2

J F@Oe ™ d(wt) =+ | A_ye 2 e d(a)t)+J A_ e e d(wr)
0 0 0

2.

T 27
+ | Aje” d(wt) + J A e d(wt) + - - -
0 0

27
+ Anejna)fef/nwt d(a)t) + .. (10)
0

The definite integrals on the right side of (/0) are all zero except f()z " A, d(wt), which has the value 27A,,.
Then
1 27 . 1 T p
M=o | roeaen o A =g | e (1)
27 J, T )y
Just as with the @, and b, evaluation integrals, the limits of integration in (/) may be the endpoints
of any convenient full period and not necessarily 0 to 27t or 0 to 7. Note that, /(¢) being real, A_, = A},
so that only positive n needed to be considered in (/7). Furthermore, we have

a,=2ReA, b,=-2ImA, (12)

EXAMPLE 17.2 Derive the exponential series (9) from the trigonometric series (/).
Replace the sine and cosine terms in (/) by their complex exponential equivalents.
) ejna)t _ e—jna)t ejnwt _|_€—jn(ut
sinnwt = ————— cos nwt =
2j 2
Arranging the exponential terms in order of increasing n from —oo to 400, we obtain the infinite sum (9) where
AO = a0/2 and

A, = %(an —Jjby) A, = %(an +jby) forn=1,2,3,...

EXAMPLE 17.3 Find the exponential Fourier series for the waveform shown in Fig. 17-2. Using the coefficients
of this exponential series, obtain a, and b, of the trigonometric series and compare with Example 17.1.

In the interval 0 < wt < 27 the function is given by f(¢) = (10/2m)wt. By inspection, the average value of the
function is 4y = 5. Substituting f(¢) in (/7), we obtain the coefficients A,,.

1 (> /10 , 10 e 70
A =— — ti‘mmd 1) = —— (—jnwt — 1 =] —
" 2w L (Zﬂ)w ¢ (@) Qn)? [(—jn)2 (=jne )]0 J 2mn

Inserting the coefficients A,, in (/2), the exponential form of the Fourier series for the given waveform is

. 10 _; 10 _; 10 ; 10
f(t)z '-»—j—e_fz"”—j—e_f“”—l—S—l—j—e””t—i—j—e’z“"—i—-o- (13)
47 2w 2 47
The trigonometric series coefficients are, by (12),
10
a,=0 b, =——
n
10 . 10 . 10 .
and so f(H)=5——sinwt — — sin2wt — — sin 3wt — - - -
T 2 3r

which is the same as in Example 17.1.

174 WAVEFORM SYMMETRY

The series obtained in Example 17.1 contained only sine terms in addition to a constant term. Other
waveforms will have only cosine terms; and sometimes only odd harmonics are present in the series,
whether the series contains sine, cosine, or both types of terms. This is the result of certain types of
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symmetry exhibited by the waveform. Knowledge of such symmetry results in reduced calculations in
determining the Fourier series. For this reason the following definitions are important.

1. A function f(x) is said to be even if f(x) = f(—x).
The function f(x) = 2 4+ x> + x* isan example of even functions since the functional values for x and
—x are equal. The cosine is an even function, since it can be expressed as the power series

X2 X4 X6 X8
ataTete

cosx=1-—

The sum or product of two or more even functions is an even function, and with the addition of a
constant the even nature of the function is still preserved.

In Fig. 17-3, the waveforms shown represent even functions of x. They are symmetrical with respect
to the vertical axis, as indicated by the construction in Fig. 17-3(a).

oo 2AVA

O} 0|

(a) ) (c) (d)

Fig. 17-3

2. A function f(x) is said to be odd if f(x) = —f(—x).
The function f(x) = x + x° + x° is an example of odd functions since the values of the function for x
and —x are of opposite sign. The sine is an odd function, since it can be expressed as the power series

’63 5 7 9

. p X X X
SINX = X — +

s T Ty

The sum of two or more odd functions is an odd function, but the addition of a constant removes
the odd nature of the function. The product of two odd functions is an even function.

The waveforms shown in Fig. 17-4 represent odd functions of x. They are symmetrical with respect
to the origin, as indicated by the construction in Fig. 17-4(a).

/\ %7 /] / l/l /l X
—#Jo \\/* / o L// * Qﬂ NS
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O X \ O \ X O T x
(b) (d) )

Fig. 17-4 Fig. 17-5
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3. A periodic function f(x) is said to have half-wave symmetry if f(x) = —f(x + T/2) where T is the
period. Two waveforms with half-wave symmetry are shown in Fig. 17-5.

When the type of symmetry of a waveform is established, the following conclusions are reached. If
the waveform is even, all terms of its Fourier series are cosine terms, including a constant if the wave-
form has a nonzero average value. Hence, there is no need of evaluating the integral for the coefficients
b,,, since no sine terms can be present. If the waveform is odd, the series contains only sine terms. The
wave may be odd only after its average value is subtracted, in which case its Fourier representation will
simply contain that constant and a series of sine terms. If the waveform has half-wave symmetry, only
odd harmonics are present in the series. This series will contain both sine and cosine terms unless the
function is also odd or even. In any case, a, and b, are equal to zero for n=2,4,6,... for any
waveform with half-wave symmetry. Half-wave symmetry, too, may be present only after subtraction
of the average value.

(a) (a)

, A
o MOV

(b) (®)

Fig. 17-6 Fig. 17-7

Certain waveforms can be odd or even, depending upon the location of the vertical axis. The square
wave of Fig. 17-6(a) meets the condition of an even function: f(x) = f(—x). A shift of the vertical axis to
the position shown in Fig. 17-6(b) produces an odd function f(x) = —f(—x). With the vertical axis placed
at any points other than those shown in Fig. 17-6, the square wave is neither even nor odd, and its series
contains both sine and cosine terms. Thus, in the analysis of periodic functions, the vertical axis should be
conveniently chosen to result in either an even or odd function, if the type of waveform makes this possible.

The shifting of the horizontal axis may simplify the series representation of the function. As an
example, the waveform of Fig. 17-7(a) does not meet the requirements of an odd function until the
average value is removed as shown in Fig. 17-7(b). Thus, its series will contain a constant term and only
sine terms.

The preceding symmetry considerations can be used to check the coefficients of the exponential
Fourier series. An even waveform contains only cosine terms in its trigonometric series, and therefore
the exponential Fourier coefficients must be pure real numbers. Similarly, an odd function whose
trigonometric series consists of sine terms has pure imaginary coefficients in its exponential series.

17.5 LINE SPECTRUM

A plot showing each of the harmonic amplitudes in the wave is called the line spectrum. The lines
decrease rapidly for waves with rapidly convergent seriecs. ~Waves with discontinuities, such as the
sawtooth and square wave, have spectra with slowly decreasing amplitudes, since their series have strong
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high harmonics. Their 10th harmonics will often have amplitudes of significant value as compared to
the fundamental. In contrast, the series for waveforms without discontinuities and with a generally
smooth appearance will converge rapidly, and only a few terms are required to generate the wave. Such
rapid convergence will be evident from the line spectrum where the harmonic amplitudes decrease
rapidly, so that any above the 5th or 6th are insignificant.

The harmonic content and the line spectrum of a wave are part of the very nature of that wave and
never change, regardless of the method of analysis. Shifting the origin gives the trigonometric series a
completely different appearance, and the exponential series coefficients also change greatly. However,
the same harmonics always appear in the series, and their amplitudes,

co = S a and ¢, =+ai+b: (n>1) (14)
or Cop = |A0| and Cp = |AI1| + |A—n| = 2|An| (n > 1) (]5)

remain the same. Note that when the exponential form is used, the amplitude of the nth harmonic
combines the contributions of frequencies +nw and —nw.

EXAMPLE 17.4 In Fig. 17-8, the sawtooth wave of Example 17.1 and its line spectrum are shown. Since there
were only sine terms in the trigonometric series, the harmonic amplitudes are given directly by %ao and |b,|. The
same line spectrum is obtained from the exponential Fourier series, (/3).

Cn

11 1
wt 0 1 2 3 4 5 6 n
Fig. 17-8

17.6 WAVEFORM SYNTHESIS

Synthesis is a combination of parts so as to form a whole. Fourier synthesis is the recombination of
the terms of the trigonometric series, usually the first four or five, to produce the original wave. Often it
is only after synthesizing a wave that the student is convinced that the Fourier series does in fact
represent the periodic wave for which it was obtained.

The trigonometric series for the sawtooth wave of Fig. 17-8 is

' 10 . 10 . 10 .
f(t)=5——sinwt — — sin 2wt — — sin 3wt — - - -
b4 2 3

These four terms are plotted and added in Fig. 17-9. Although the result is not a perfect sawtooth wave,
it appears that with more terms included the sketch will more nearly resemble a sawtooth. Since this
wave has discontinuities, its series is not rapidly convergent, and consequently, the synthesis using only
four terms does not produce a very good result. The next term, at the frequency 4w, has amplitude 10/
47, which is certainly significant compared to the fundamental amplitude, 10/. As each term is added
in the synthesis, the irregularities of the resultant are reduced and the approximation to the original wave
is improved. This is what was meant when we said earlier that the series converges to the function at all
points of continuity and to the mean value at points of discontinuity. In Fig. 17-9, at 0 and 2 it is clear
that a value of 5 will remain, since all sine terms are zero at these points. These are the points of
discontinuity; and the value of the function when they are approached from the left is 10, and from the
right 0, with the mean value 5.
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Fig. 17-9

17.7 EFFECTIVE VALUES AND POWER

The effective or rms value of the function

f(t):%ao—f-al coswt + a, cos 2wt + - -+ + by sinwt + by sin 2wt + - - -

is Frms:\/(%ao)2+%a%+%a§+~~-+§b%+%b§+~-:\/cg+§c%+§c§+§c~;+m (16)
where (/4) has been used.

Considering a linear network with an applied voltage which is periodic, we would expect that the
resulting current would contain the same harmonic terms as the voltage, but with harmonic amplitudes
of different relative magnitude, since the impedance varies with nw. It is possible that some harmonics
would not appear in the current; for example, in a pure LC parallel circuit, one of the harmonic
frequencies might coincide with the resonant frequency, making the impedance at that frequency
infinite. In general, we may write

v="Vo+ Y Vysin(t+¢,) and  i=I+ Y I,sin (ot + ) (17)

with corresponding effective values of

VrmS:\/V§+%V12+%V22+~-- and I =\/1§+§15+%1§+--- (18)

The average power P follows from integration of the instantaneous power, which is given by the
product of v and i:

p=uvi= [Vo + 3" ¥, sin (not + ¢>,1)] [10 + 3" I, sin (not + wn)] (19)

Since v and i both have period T, their product must have an integral number of its periods in 7.
(Recall that for a single sine wave of applied voltage, the product vi has a period half that of the voltage
wave.) The average may therefore be calculated over one period of the voltage wave:

T
polt J [Vo+ 3 Vsin ot +¢,)|[ 1y + 3 1, sin (root + v, (20)
0

Examination of the possible terms in the product of the two infinite series shows them to be of the
following types: the product of two constants, the product of a constant and a sine function, the product
of two sine functions of different frequencies, and sine functions squared. After integration, the product
of the two constants is still V/, and the sine functions squared with the limits applied appear as
(V,1,/2) cos (¢, — ¥,); all other products upon integration over the period 7" are zero. Then the average
power is

P=Vyly+1V 1 cosé +3Valcos6, +1V3I5co860; + - - (21)
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where 6, = ¢, — ¥, s the angle on the equivalent impedance of the network at the angular frequency nw,
and V, and I, are the maximum values of the respective sine functions.

In the special case of a single-frequency sinusoidal voltage, Vo=V, =V;=--- =0, and (2])
reduces to the familiar

P= % V] ]1 Cos 01 = eff]eff cosf
Compare Section 10.2. Also, for a dc voltage, V; =V, = V3 =--- =0, and (2]) becomes
P=Wyl,=VI

Thus, (21) is quite general. Note that on the right-hand side there is no term that involves voltage and
current of different frequencies. In regard to power, then, each harmonic acts independently, and

P=Py+P +Py+--

17.8 APPLICATIONS IN CIRCUIT ANALYSIS

It has already been suggested above that we could apply the terms of a voltage series to a linear
network and obtain the corresponding harmonic terms of the current series. This result is obtained by
superposition. Thus we consider each term of the Fourier series representing the voltage as a single
source, as shown in Fig. 17.10. Now the equivalent impedance of the network at each harmonic
frequency nw is used to compute the current at that harmonic. The sum of these individual responses
is the total response i, in series form, to the applied voltage.

EXAMPLE 17.5 A series RL circuit in which R=5Q and L =20 mH (Fig. 17-11) has an applied voltage
v = 100 4 50 sin wt + 25 sin 3wt (V), with w = 500 rad/s. Find the current and the average power.
Compute the equivalent impedance of the circuit at each frequency found in the voltage function. Then obtain
the respective currents.
Atw=0,Z,=R=5Q and
Vo 100

I T o20A
TR 5 0

At = 500 rad/s, Z; = 5+ j(500)(20 x 10) = 5+ /10 = 11.15/63.4° @ and

i = V‘Z“l‘ sin(wt — 0,) = %sin(mt — 63.4%) = 4.48sin(wt — 63.4°)  (A)

At 3w = 1500 rad/s, Z; = 5+ 30 = 30.4/80.54° © and

2
i = 1/327"; sin (3ot — 6;) = %4 sin (3ot — 80.54%) = 0.823 sin (3ot —80.54°)  (A)

The sum of the harmonic currents is the required total response; it is a Fourier series of the type (8).
i =20+ 4.48sin (wt — 63.4°) 4+ 0.823 sin (3wt — 80.54°) (A)

This current has the effective value

I = \/202 +(4.482/2) + (0.8232/2) = v/410.6 = 20.25 A
which results in a power in the 5- resistor of
P =1I%R = (410.6)5 = 2053 W

As a check, we compute the total average power by calculating first the power contributed by each harmonic
and then adding the results.

Atw=0: Py = Voly = 100(20) = 2000 W
At w = 500 rad/s: Py =1V 1 cost; =1(50)(4.48) cos 63.4° = 50.1 W
At 3w = 1500 rad/s: Py =1V;31; cos0; = 1(25)(0.823) cos80.54° = 1.69 W

Then, P =2000+ 50.1 4 1.69 = 2052 W
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Fig. 17-10 Fig. 17-11

Another Method
The Fourier series expression for the voltage across the resistor is

vg = Ri = 100 + 22.4sin (wf — 63.4°) + 4.11 sin Bt — 80.54°) (V)

1 1
and V gett = \/1002 —}-5(22.4)2 %—5(4.11)2 =4/10259 =101.3 V
Then the power delivered by the source is P = V,zgeff/R =(10259)/5 =2052 W.

In Example 17.5 the driving voltage was given as a trigonometric Fourier series in ¢, and the
computations were in the time domain. (The complex impedance was used only as a shortcut; Z,
and 6, could have been obtained directly from R, L, and nw). If, instead, the voltage is represented by an
exponential Fourier series,

+00 )
w(n) =Y Ve
—0Q

then we have to do with a superposition of phasors V,, (rotating counterclockwise if n > 0, clockwise if
n < 0), and so frequency-domain methods are called for. This is illustrated in Example 17.6.

EXAMPLE 17.6 A voltage represented by the triangular wave shown in Fig. 17-12 is applied to a pure capacitor C.

Determine the resulting current.
y\
T wt
- 0 ks
|
}
- Vmax T

Fig. 17-12

-

In the interval —7 < wt <0 the voltage function is v= V. + 27Vha/mot; and for 0 < wt <,
U= Viax — QVmax/m)wt.  Then the coefficients of the exponential series are determined by the evaluation integral

1 ; (" :
Vn = 7J. [Vmax + (2 Vmax/ﬂ)wt]eimwl d(a)t) + 7J. [Vmux - (2 Vmux /n)wt]eimwl d(a)t)
2 i 2w 0

from which V,, = 4V,,,./7*n* for odd n, and V, = 0 for even n.
The phasor current produced by V,, (n odd) is
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V, V)T AV 0C

I, =" = _
"T7, T AneC T

with an implicit time factor ¢/*'. The resultant current is therefore

+00 ) 4V wC +00 e‘/'na)t
i(l) _ Z Ine/nwt :j ma;
=~ T n

—00
where the summation is over odd n only.

The series could be converted to the trigonometric form and then synthesized to show the current waveform.
However, this series is of the same form as the result in Problem 17.8, where the coefficients are A,, = —j(2V /nx) for
odd nonly. The sign here is negative, indicating that our current wave is the negative of the square wave of Problem
17.8 and has a peak value 2V, wC/m.

17.9 FOURIER TRANSFORM OF NONPERIODIC WAVEFORMS

A nonperiod waveform x(7) is said to satisfy the Dirichlet conditions if

(a) x(r) is absolutely integrable, jf;f |x(¢)| dt < oo, and

(b) the number of maxima and minima and the number of discontinuities of x(¢) in every finite
interval is finite.

For such a waveform, we can define the Fourier transform X(f) by

00 .
X(f) = J x(H)e 7 di (22a)
where 1 is the frequency. The above integral is called the Fourier integral. The time function x(¢) is
called the inverse Fourier transform of X(f) and is obtained from it by

(1) = Jw X df (228)

x(t) and X(f) form a Fourier transform pair. Instead of f, the angular velocity w = 2nf may also be
used, in which case, (22a) and (22b) become, respectively,

X(w) = Jm x(H)e 7 dt (23a)
1 *© jwt
and x(1) = ZJ X(w)e’” dw (23b)

EXAMPLE 17.7 Find the Fourier transform of x(¢) = e~ “u(t), a > 0. Plot X(f) for —oo < f < +00.
From (22a), the Fourier transform of x(z) is

1
a+j2nf

(249

00 . .
X(f) = J e e P dr =
0

X(f) is a complex function of a real variable. Its magnitude and phase angle, |X(f)| and /X(f), respectively, shown
in Figs. 17-13(a) and (b), are given by

X(NI = (25a)

1
Ja + 4n’f?

and /X(f) = — tan~'2nf /a) (25b)
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Fig. 17-13

Alternatively, X(f) may be shown by its real and imaginary parts, Re [X(f)] and Im [X(/f)], as in Figs. 17-14(a) and
().

Re[X(f)] = (264)

a* + 4% f?

ImX()] = 2

@+ dr (200)

Im [x(f)]

(@ (&)

Fig. 17-14

EXAMPLE 17.8 Find the Fourier transform of the square pulse

(f) = 1 for — T <t<T
o otherwise

From (22a),

r . 1 oar1T sin2mfT
— J2rft | Syt
X(f) = Jire S = ot [e’ ]77_ o (27)

Because x(7) is even, X(f) is real. The transform pairs are plotted in Figs. 17-15(a) and (b) for T = % .

EXAMPLE 17.9 Find the Fourier transform of x(¢) = ¢“u(—f), a > 0.

1
a—j2nf

0
X(f) = J, e dt = (28)
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Fig. 17-15

EXAMPLE 17.10 Find the inverse Fourier transform of X(f) = 2a/(a2 + 4712]'2), a>0.
By partial fraction expansion we have
1 1
= - + -
a+j2nf  a—j2nf

X(f) (29)

The inverse of each term in (29) may be derived from (24) and (28) so that
x(6) = e u(t) + " u(—) = =" forall 1
See Fig. 17-16.

x(8)

Fig. 17-16

17.10 PROPERTIES OF THE FOURIER TRANSFORM

Some properties of the Fourier transform are listed in Table 17-1. Several commonly used trans-
form pairs are given in Table 17-2.

17.11 CONTINUOUS SPECTRUM

IX(/)I*, as defined in Section 17.9, is called the energy density or the spectrum of the waveform x(¢).
Unlike the periodic functions, the energy content of a nonperiodic waveform x(z) at each frequency is
zero. However, the energy content within a frequency band from f; to f; is
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Table 17-1 Fourier Transform Properties

Time Domain x(f) = Joo X(f)e’*" dt | Frequency Domain X(f) = JOO x(De 7 dy
1. x(1) real X(f)=X"(=/)
2. x(1) even, x(1) = x(—f) X(f)=X(=/)
3. x(¢), odd, x(f) = —x(—1) X()=-X(=N
4. X(1) x(=f)
s, x(0) = [_ X(Ndf X(0) = [_ x(1) dt
1
ol 0 YU = XU Ja)
~ 1 X))
7. ¥(£) = tx(2) Y(H = 2 df
8. W(t) = x(—1) Y(f)=X(=/)
9. W) = x(1 — 1) Y(/) = e X(f)
Table 17-2 Fourier Transform Pairs
x(7) XN
1
1. e u(t),a>0 a+j2nf
2a
2. e a>0 a* + 4722
1
3. te “u(t),a > 0 (a +j27f)?
4. exp(—mz/tz) T exp(—r(f2 r2)
sin 27fT
77f 2T
5. !
L L
T T
= T S I N "/
sin 2mf,t
mt 2
6 1
' 1 L
2o 2fo f
~_""’ %o fo
7. 1 8(f)
8. 8(2) 1
3 = Jo) = 8(/ +./o)
9. sin 27tfyt 2
. 3(f =fo) +3(/ + /o)
10. cos 2mfyt 2

433
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2 5
W=2J ()P df (30)
fi

EXAMPLE 17.11 Find the spectrum of x(¢t) = ¢~ “u(f) — ¢“'u(—t), a > 0, shown in Fig. 17-17.

x(6)

Fig. 17-17

We have x(f) = x;(¢) — x,(¢). Since x,(f) = e~ “u(f) and x,(¢t) = "' u(—1),

i . 1
Xi() = a+2af X=z — j2nf
—j4
Then X(N) =X() = Xa(f) = #;r];”
2,2
from which IX(f ')|2 = L6z f

EXAMPLE 17.12 Find and compare the energy contents W, and W, of y/()=e¢ ' and
¥2(0) = e~ u(t) — e"u(—1), a > 0, within the band 0 to 1 Hz. Let @ = 200.
From Examples 17.10 and 17.11,
4q* 167212
Y C PR — and Y R A—
VNP = VNP =
Within 0 < f < 1 Hz, the spectra and energies may be approximated by
Y (NP ~4/a*> =10"*/Hz and W, =2(107%J =200 )
[Y2(f)* ~ 1077 2 and  W,~0

The preceding results agree with the observation that most of the energy in y,(?) is near the low-frequency region in
contrast to y,(7).

Solved Problems

17.1 Find the trigonometric Fourier series for the square wave shown in Fig. 17-18 and plot the line
spectrum.
In the interval 0 < wt < 7, f(¢) = V; and for m < wt < 2m, f(t) = —V. The average value of the wave is
zero; hence, aq/2 =0. The cosine coefficients are obtained by writing the evaluation integral with the
functions inserted as follows:
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17.2

1% 4V/m

wt

0 T 2 3m

Fig. 17-18 Fig. 17-19

0 b4

1 4 21 v 1 T 1 2
a, =— U V cos nwt d(wt) + J (—=V)cos nwt d(wt)] =— { |:7 sin nwt] —|} sin na)t] }
T 7 ||n 0o L .

=0 for all n

Thus, the series contains no cosine terms. Proceeding with the evaluation integral for the sine terms,
27

b, = % U V sin nwt d(wt) + J

0 T

A [aeona] o] |
= — ——cosnwt | +|— cosnwt
T n o Ln .

V 2V
= —(—cosnm + cos0 + cosn2mw — cosnm) = — (1 — cosnr)
n n

(=V)sinnwt d(wt)}

Then b, =4V /an forn=1,3,5,..., and b, =0 for n =2,4,6,.... The series for the square wave is
. 4v . 4V . 4V .
f(t) = — sinwt + — sin 3wt + — sin Swt + - - -
b4 3 S

The line spectrum for this series is shown in Fig. 17-19. This series contains only odd-harmonic sine
terms, as could have been anticipated by examination of the waveform for symmetry. Since the wave in Fig.
17-18 is odd, its series contains only sine terms; and since it also has half-wave symmetry, only odd
harmonics are present.

Find the trigonometric Fourier series for the triangular wave shown in Fig. 17-20 and plot the line
spectrum.

The wave is an even function, since f(¢) = f(—1), and if its average value, V'/2, is subtracted, it also has
half-wave symmetry, that is, /(1) = —f(t + 7). For —w < wt <0, f(t) = V + (V/m)wt; and for 0 < wt < 7,
f(t)=V —(V/m)wt. Since even waveforms have only cosine terms, all b, =0. Forn>1,

0 T
a, = lj [V + (V /m)wt] cos nwt d(wt) + lj [V — (V /m)wt] cos nwt d(wt)
T)_x T Jo

T 0 T
= 4 U cos nwt d(wt) + J d cos nwt d(wt) — J ot cos nwt d(wt)]
) s bid 0o

-7
V 1 ot . 0 1 ot . i
=— 1| cosnwt + — sinnwt | —|— cosnwt +— sinnwt
7 | |n T . Ln n 0
V 2V
= ——[cos 0 — cos(—nm) — cos nw + cos 0] = —— (1 — cos nx)
TN °n

As predicted from half-wave symmetry, the series contains only odd terms, since a, = 0 for n = 2,4,6, ... .
Forn=1,3,5,...,a,= 4V/rr2n2. Then the required Fourier series is

f(@ V+4V cos wt + 4V cos 3wt + cos Swt +
2 - (3m)’ (5m)°
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The coefficients decrease as 1/n%, and thus the series converges more rapidly than that of Problem 17.1. This
fact is evident from the line spectrum shown in Fig. 17-21.

c’l
VA
v
f | Y T Y wt ? T ! T 4 T T T n
w0 . 22 3 01 23 4 5 6 7 8
Fig. 17-20 Fig. 17-21

17.3  Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-22 and plot the line
spectrum.

By inspection, the waveform is odd (and therefore has average value zero). Consequently the series will
contain only sine terms. A single expression, f(f) = (V/m)wt, describes the wave over the period from —n to
+7, and we will use these limits on our evaluation integral for b,.

1

i . Vil . t i 2V
b, = —J (V /m)wt sin nwt d(wt) = — [—2 sinnwt — 2L cos na)t] = —— (cosnm)
) | n n . nm

As cosnm is +1 for even n and —1 for odd n, the signs of the coefficients alternate. The required series is
2V . 1 L Lo
J() = — {sinwt — 5 sin 2wt + 5 sin 3wt — 5 sindwt + - - -}
b4
The coefficients decrease as 1/n, and thus the series converges slowly, as shown by the spectrum in Fig. 17-23.

Except for the shift in the origin and the average term, this waveform is the same as in Fig. 17-8; compare the
two spectra.

Cn

2Vim

Fig. 17-22 Fig. 17-23

17.4 Find the trigonometric Fourier series for the waveform shown in Fig. 17-24 and sketch the line
spectrum.

In the interval 0 < wt < 7, f(¢) = (V/m)wt; and for w < wt < 27, f(t) = 0. By inspection, the average
value of the wave is /4. Since the wave is neither even nor odd, the series will contain both sine and cosine
terms. For n > 0, we have

(" VIl ‘. v
a, = ;J (V /m)wt cos nwt d(wt) = — |:— cos nwt + % sin na)l:| = (cosnm — 1)
0 T

n? o Tn?
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When 7 is even, cosnr — 1 =0 and @, = 0. When n is odd, a, = —2V/(z*n*). The b, coefficients are
1 (" . Vil . t T vV V
b, = fj (V/m)wt sin nwt d(wt) = — |:—2 sinnot — 2L cos nwl:| = —— (cosnm) = (—=1)" —
7 Jo 7 | n n 0 n n
Then the required Fourier series is
Vo2rv 2V 2V
SO = —— coswt — —— cos 3wt — —— cosSwi — - -
4 7 (3m) (57m)

V. V. V.
+ — sinwt — — sin 2wt + — sin 3wt — - - -
bid 27 3

Cn

L

lllllll n
0 345 6 78 9

Fig. 17-24 Fig. 17-25

—
N

The even-harmonic amplitudes are given directly by |b,], since there are no even-harmonic cosine terms.
However, the odd-harmonic amplitudes must be computed using ¢, = /a2 + b2. Thus,

¢ = \/(21//;12)2 +(V/m)P = V(0377) ¢ =V(0.109)  ¢5 = V(0.064)

The line spectrum is shown in Fig. 17-25.

17.5 Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-26
and sketch the line spectrum.

The wave shows no symmetry, and we therefore expect the series to contain both sine and cosine terms.
Since the average value is not obtainable by inspection, we evaluate a, for use in the term a,/2.

| O V 2V
ay = fj V sinwt d(wt) = — [~ coswi]j = —
T J)o b b
Next we determine a,,:

1 T
a, =— J V' sin wt cos nwt d(wt)

T Jo
V [ —nsin wt sin nwt — cos nwt cos wt |

=— 5 = 5 (cosnm + 1)
T —n*+1 o n(l—n%)

With n even, a, = 2V /a(1 —n?); and with n odd, a, =0. However, this expression is indeterminate for
n =1, and therefore we must integrate separately for «.

T

| V .
a; = ;L V sin wt cos wt d(wt) = ;L 1sin 20t d(wf) = 0

Now we evaluate b,,:

b

b, =

1 J” V |:n sin wt cos nwt — sin nwt cos wz}
0

V' sin wt sin nwt d(wt) = — 5
T Jo b4 —n-+1
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Here again the expression is indeterminate for n = 1, and b, is evaluated separately.

L[ in 200"
m:fJVﬁﬁwM@O:Kfﬂ—ng v
T Jo T 2 4

0 2

Then the required Fourier series is

V T 2 2 2
() =— (142 sinwr — = cos 2wt — — cos 4ot — — f— e
f( n( +2s1nwt 3cos wt G cos4w 5 cos 6w )

The spectrum, Fig. 17-27, shows the strong fundamental term in the series and the rapidly decreasing
amplitudes of the higher harmonics.

Cn

!
v-

V/mr

wl

>+
~J

5

<

N
[RY
Lo

Fig. 17-26 Fig. 17-27

17.6 Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-28,
where the vertical axis is shifted from its position in Fig. 17-26.

The function is described in the interval —m < wt < 0 by f(f) = —V sinwt. The average value is the
same as that in Problem 17.5, that is, %ao = V/n. For the coefficients a,, we have

1(°

a, =—| (=Vsinwt)cosnwtd(wt) = ————= (1 + cosnm)
) o n(l —n7)
wt
-7 0 | T 2w

Fig. 17-28
For n even, a, = 2V /7(1 — n?); and for n odd, a, = 0, except that n = 1 must be examined separately.
1(° .
a = ;J (=V sinwt)coswt d(wt) =0

For the coefficients b,, we obtain

0
b, = %J (—V sin wt) sin nwt d(wt) = 0

n

except for n = 1.
1(° , v
m:—‘(—mmﬁwmwnz——
) 2
Thus, the series is

V g 2 2 2
O=—(1-=si - 2wt — — 4ot — — .
f(@ n( 251nwt 3cos wt 15 cos 4wt 35 cos bwt )
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This series is identical to that of Problem 17.5, except for the fundamental term, which has a negative
coefficient in this series. The spectrum would obviously be identical to that of Fig. 17-27.

Another Method
When the sine wave V sin wt is subtracted from the graph of Fig. 17.26, the graph of Fig. 17-28 results.

17.7 Obtain the trigonometric Fourier series for the repeating rectangular pulse shown in Fig. 17-29
and plot the line spectrum.

Cn
Vi 4
1% 1
&V
JU i T wt 1 T 3 T ! T ! l ! Il ! n
- 76 | m/6 - 2 01 2 3 4 5 6 7 & 9 1011
Fig. 17-29 Fig. 17-30

With the vertical axis positioned as shown, the wave is even and the series will contain only cosine terms
and a constant term. In the period from —m to 4+ used for the evaluation integrals, the function is zero
except from —m/6 to +/6.

1 (/6 v 1 (/6 2V .
ay = _J Vd(wt) == a, = —J V cos nwt d(wt) = — sin m
) s 3 ) a6 nmw 6

Since sinnw/6 = 1/2, «/§/2, 1, \/5/2, 1/2,0,—1/2,...forn=1,2,3,4,5,6,7, ..., respectively, the series is

2V |1 1 1 1
f = K + 71/ |:— cos wt + £ (—) cos 2wt + 1 (5) cos 3wt + ? (Z) cosdwt

6 2 2 \2
1/1 1/1
+§(§>cos5wt—§<7>cos7wt—~~-:|
Vo2&l
or f() = 3 + - Z p sin (nr/6) cos nwt

n=I1

The line spectrum, shown in Fig. 17-30, decreases very slowly for this wave, since the series converges
very slowly to the function. Of particular interest is the fact that the 8th, 9th, and 10th harmonic
amplitudes exceed the 7th. With the simple waves considered previously, the higher-harmonic amplitudes
were progressively lower.

17.8 Find the exponential Fourier series for the square wave shown in Figs. 17-18 and 17-31, and
sketch the line spectrum. Obtain the trigonometric series coefficients from those of the expo-
nential series and compare with Problem 17.1.

In the interval —7 < wt < 0, f(t) = —V; and for 0 < wt < 7, f(t) = V. The wave is odd; therefore,
Ay = 0 and the A, will be pure imaginaries.

1

0 . T N
A= U_n(— e ™" d(wt) + JO Ve ! d(wt)]

_ K _|: 1 e/'mu[:|0 +|:L ef_/'n(ut:|ﬂ
2| L) = L=m) 0

V . . | 280
— : (_eO + e/mr + e—]nn _ eO) :j s (e/nn _ ])
—j2mn nrw
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For n even, ¢ = +1 and A, = 0; for n odd, ¢/™ = —1 and A, = —j(2V /n7) (half-wave symmetry). The
required Fourier series is

2V
/ 37 ¢
The graph in Fig. 17-32 shows amplitudes for both positive and negative frequencies. Combining the
values at +»n and —n yields the same line spectrum as plotted in Fig. 17-19.

2V . 2V . 2V . .
H=--- e K 10)) . —jot _ - =7 jot ot .
U] tizoe™ 4] e

—e
3n T

lA'I'
\%
2v
i
wt
0 - 27 3
- v ————— ! T l T 1 T T T T 1 n
-5-4-3-2-10 1 2 3 4 5
Fig. 17-31 Fig. 71-32
The trigonometric-series cosine coefficients are
a,=2ReA, =0
4V
and b,=-2ImA, = po for odd n only

These agree with the coefficients obtained in Problem 17.1.

17.9 Find the exponential Fourier series for the triangular wave shown in Figs. 17-20 and 17-33 and
sketch the line spectrum.

In the interval —7 < wt < 0, f(t) = V + (V/7)wt; and for 0 < wt < 7, f(t) =V — (V/7)wt. The wave
is even and therefore the A, coefficients will be pure real. By inspection the average value is /2.

0 T
A, = RS H [V + (V/m)wtle ™ d(wt) + j [V — (V /m)wtle™" d(a)z)}
2 -7 0

0 T
. U wte ™" d(wh) + J (—wn)e ™ d(wr) + J
2 —7 0 -

1% ef/'nwl ) 0 efjmut ) i 1% o
=5 { [W (—jnwt — 1):| _[(—jn)2 (—jnwt — 1)]0} = (1 —¢e")

e g (a)t)]

For even n, ¢ = +1 and A, = 0; for odd n, A, = 2V /7*n*. Thus the series is

2V e 2V s V2V 2V
H=--+ R e Sy e A
o (=37)° (—n)? 2 (@ (3n)?
The harmonic amplitudes
vV _ 0 n=2,4,6,...)
=75 =2l {4V/rr2n2 (n=1.3.5...)

are exactly as plotted in Fig. 17-21.
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{ \'4
\%
f ! Y T Y w!
- 0 w 27 3 0 " > 3 wl
Fig. 17-33 Fig. 17-34
17.10 Find the exponential Fourier series for the half-wave rectified sine wave shown in Figs. 17-26 and
17-34, and sketch the line spectrum.
In the interval 0 < wt < 7, f(f) = Vsinwt; and from = to 2m, f(f) = 0. Then
(™ . i
A, = —J V sin wt e " d(wt)
T Jo
Vv —jnwt o i V(e—jlm_'_ 1)
== |—— (mjnsinwt —coswt) | = —————=
2 | (1 — n?) o 2n(1 —n%)
For even n, A, = V/x(1 — n?); for odd n, A, =0. However, for n= 1, the expression for A, becomes
indeterminate. L’Hopital’s rule may be applied; in other words, the numerator and denominator are
separately differentiated with respect to n, after which n is allowed to approach 1, with the result that
Ay =—j(V/4).
The average value is
L. 4 T ¥V
Ay = ZL V sin wt d(wt) = 7 [ - coswt]o =
Then the exponential Fourier series is
V —jdwt V—'21 ‘V—'t V ~V'/ V'2t V jdwt
D= ot _ T 20 Voot VYV et YV et Y jder
S 157 we T T T 157 °
The harmonic amplitudes,
v W am* —1) (n=2,4,6,..)
G=dy=— =2A,0=1V)2 (n=1)
0 n=3,57,..)
are exactly as plotted in Fig. 17-27.
17.11 Find the average power in a resistance R = 10 €2, if the current in Fourier series form is

i = 10sin wt + 5sin 3wt + 2 sin Swt (A).

The current has an effective value Iy = \/%(10)2 + %(5)2 + %(2)2 =4/64.5=8.03 A. Then the average
power is P = IR = (64.5)10 = 645 W.

Another Method
The total power is the sum of the harmonic powers, which are given by %Vmaxlmax cos6. But the
voltage across the resistor and the current are in phase for all harmonics, and 6, = 0. Then,

vr = Ri = 100 sin wt + 50 sin 3wt + 20 sin Swt
and P = 1(100)(10) +1(50)(5) + 1 (20)(2) = 645 W.

17.12 Find the average power supplied to a network if the applied voltage and resulting current are

v=50+50sin5 x 10’7 + 30sin 10*s + 20sin 2 x 10%7 (V)
i=11.2sin(5 x 10°7 + 63.4°) + 10.6sin (10* + 45°) + 8.97sin (2 x 10*1 +26.6°) (A)
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The total average power is the sum of the harmonic powers:

P = (50)(0) + 1(50)(11.2) cos 63.4° + 1 (30)(10.6) cos 45° + 1 (20)(8.97) c0s 26.6° = 317.7 W

Obtain the constants of the two-element series circuit with the applied voltage and resultant
current given in Problem 17.12.

The voltage series contains a constant term 50, but there is no corresponding term in the current series,
thus indicating that one of the elements is a capacitor. Since power is delivered to the circuit, the other
element must be a resistor.

Ig = \/5(11.2)2 +1(10.6 +1(8.97° = 12.6 A

The average power is P = IeszR, from which R = P/Iesz =317.7/159.2 =2 Q.
At w = 10* rad/s, the current leads the voltage by 45°. Hence,
1

1
| = tan4s° = —— C=—1 =5
an oCR (10H2)

0 uF

Therefore, the two-element series circuit consists of a resistor of 2  and a capacitor of 50 pF.

The voltage wave shown in Fig. 17-35 is applied to a series circuit of R =2kQ and L =10 H.
Use the trigonometric Fourier series to obtain the voltage across the resistor. Plot the line
spectra of the applied voltage and vy to show the effect of the inductance on the harmonics.
o = 377 rad/s.

v, V

wt

™ 2

{
I
E]
[=]
N

Fig. 17-35

The applied voltage has average value V., /7, as in Problem 17.5. The wave function is even and
hence the series contains only cosine terms, with coefficients obtained by the following evaluation integral:

1 (/2 600
a, =— 300 cos wt cos nwt d(wt) = ———- cosnn/2 V
T )2 7T(1 —n )

Here, cos nmr/2 has the value —1 forn =2,6, 10, ..., and +1 forn =4,8,12,.... Forn odd, cosnr/2 = 0.
However, for n = 1, the expression is indeterminate and must be evaluated separately.

12 300 [wr | sin2wf]" 3
alz—J 30000s2wtd(wt):ﬂ|:£+sm—w:| _30y
b —n/2 b3 2 4 /2 2
2 2 2
Thus, v:@ 1+Ecosa)z—f—fcos2wt——cos4a)t+—cos6a)t—~-- V)
7 2 3 15 35

In Table 17-3, the total impedance of the series circuit is computed for each harmonic in the voltage
expression. The Fourier coefficients of the current series are the voltage series coefficients divided by the Z,,;
the current terms lag the voltage terms by the phase angles 6,,.
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Table 17-3
n nw, rad/s R, kQ nwl, kQ Z,, kQ 0,
0 0 2 0 2 0°
1 377 2 3.77 4.26 62°
2 754 2 7.54 7.78 75.1°
4 1508 2 15.08 15.2 82.45°
6 2262 2 22.62 22.6 84.92°
300/2
i = —62° A
i 126 cos(wt — 62°) (mA)
600/3
i = 7.;8” cos Qwt —75.1°)  (mA)

Then the current series is

C 300 300 600

= 27 Yo <@ 23
600

 157(15.2)

cos 2wt — 75.1°)

cos (4wt — 82.45°%) + cos (6wt — 84.92°) — ... (mA)

600
357(22.6)
and the voltage across the resistor is

vp = Ri =95.5 4 70.4 cos (wt — 62°) + 16.4 cos Qwt — 75.1°)
— 1.67 cos (4wt — 82.45°) + 0.483 cos (6wt — 84.92°) — - (V)

Figure 17-36 shows clearly how the harmonic amplitudes of the applied voltage have been reduced by
the 10-H series inductance.

cn V Cn V
300/ 300/
s S T n S n
0O 1 2 3 4 5 6 17 01 2 3 4 5 6 7
(a) Spectrum of v (b) Spectrum of vr

Fig. 17-36

17.15 The current in a 10-mH inductance has the waveform shown in Fig. 17-37. Obtain the trigono-
metric series for the voltage across the inductance, given that w = 500 rad/s.

i A
T T 1 wl
- 0 \T/ 2
p— 10 __________
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The derivative of the waveform of Fig. 17-37 is graphed in Fig. 17-38. This is just Fig. 17-18 with
V = —-20/7. Hence, from Problem 17.1,

di 80 . . .
T;ﬂ): -3 (smwt-i—% sm3wt+% sinSwt+---) (A)
di 400 . . .
and so v, = Lo b ’[) =—— (sinwi +1sin3wr + L sinSwr4--1) (V)
w b3
di
d(wty
—L wt
o 0 ” 27
-20/m
Fig. 17-38

Supplementary Problems

17.16 Synthesize the waveform for which the trigonometric Fourier series is

8V . . . .
§10)! =— {sinwr — 1 sin 3wt + 5 sin Swt — & sin Twt + - -}

17.17 Synthesize the waveform if its Fourier series is

40
fH=5 -2 (cos ot + § cos 3wt + 55 oS 5wt + -« -)

20 . . . .
+ = (sinwt — § sin 2wt + § sin 3wt — § sindot + - - )
i
17.18 Synthesize the waveform for the given Fourier series.

I 1 1 1 1 1
f) = V(E_; cos wt i cos2wt+g cos 3wt ~T5n cos4wt—a cos 6wt + - - -

+lsint 2sin2 t+4 sin 4wt
e T T

17.19 Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-39 and plot the line spectrum.
Compare with Example 17.1.

. VoV . . .
Ans. f(t) = 3+; (sin wt —l—% sin 2wt +% sin 3wt + - - )



CHAP. 17] FOURIER METHOD OF WAVEFORM ANALYSIS 445

\%
Y /\
~ wt
- 0 [ lV}ﬂ
wt

Fig. 17-39 Fig. 17-40

0 RE A7 6

17.20 Find the trigonometric Fourier series for the sawtooth wave shown in Fig. 17-40 and plot the spectrum.
Compare with the result of Problem 17.3.

-2V
b4

Ans. f(t) = {sinwt + % sin 2wt + % sin 3wt + % sindwt + - - -}

17.21 Find the trigonometric Fourier series for the waveform shown in Fig. 17-41 and plot the line spectrum.

. 4V 2V . . .
Ans. f()=— {coswt—l—é cos3wt+% cosSwt + -+ -} —— {smwl—l—% s1n3wt+% sin Swt + - - -}
T T

1 —

wt

Fig. 17-41 Fig. 17-42

17.22 Find the trigonometric Fourier series of the square wave shown in Fig. 17-42 and plot the line spectrum.
Compare with the result of Problem 17.1.

4v
Ans. f() = — {coswt — 1 cos 3wt + 1 cos 5wt — 4 cos Twt + - - -}

17.23 Find the trigonometric Fourier series for the waveforms shown in Fig. 17-43. Plot the line spectrum of each
and compare.

. 5 & (10, . nm 10 nmw\ .
Ans. (a) f(t)——z—i-Z[—(sm E)cosna)t—i—E(l—cos E) smnwl:|

50 &[10/ . n5w 10 nsm\ .
(b) f(t):z—l—Z[n—(sm T)cosna)t—i—E(l—cos T) smna)t:|

10 |—| 10
1
T

’ w! wlt
Ol w12 2

0 57/3 2m 4

(a) (b)
Fig. 17-43

17.24 Find the trigonometric Fourier series for the half-wave-rectified sine wave shown in Fig. 17-44 and plot the
line spectrum. Compare the answer with the results of Problems 17.5 and 17.6.

i 14 2 2 2
Ans.  f(?) :;(1 —l—g coswt—l—g cos2wt—ﬁ cos4wt+§ Cos6wt—--~)
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w!t

wt T T
e O 4 g 2w 0] ™ 27

Fig. 17-44 Fig. 17-45

17.25 Find the trigonometric Fourier series for the full-wave-rectified sine wave shown in Fig. 17-45 and plot the
spectrum.

Ans. f(t)=— (1 —|— cos 2wt — 1z cos 4wt + 5 COs 6wt — - - -)

17.26 The waveform in Fig. 17-46 is that of Fig. 17-45 with the origin shifted. Find the Fourier series and show
that the two spectra are identical.

Ans. f(t) =— (1 —£ cos 2wt — 15 cos 4wt — 35 cos bwt — - - -)
|
v v
wl wt
° 7 oo ol ln a 2 3
Fig. 17-46 Fig. 1747

17.27 Find the trigonometric Fourier series for the waveform shown in Fig. 17-47.

. V
Ans. f(t) = o coswt + Z (1 (cosnrr—i—nsm nm/2) cos nwt

V 2] .
_ sm wt + Z [ };(ICO_S:;;/ ] sin nwt

17.28 Find the trigonometric Fourier series for the waveform shown in Fig. 17-48. Add this series termwise to
that of Problem 17.27, and compare the sum with the series obtained in Problem 17.5.

V X, V(nsinnm/2 — 1) V. 2\ nVcosnm/2 .
Ans. t_— +— cos wt = cosnwt+— sinwt ——— L sinnwt
ns. SO =550 ‘”+Z 2 —1) nottyg “’+Z (=) e
n=2 n=2
v v
T f wt wl
0 3 T 2w 0 L 2m 3

Fig. 17-48 Fig. 17-49
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17.29

17.30

17.31

17.32

17.33

Find the exponential Fourier series for the waveform shown in Fig. 17-49 and plot the line spectrum.
Convert the coefficients obtained here into the trigonometric series coefficients, write the trigonometric
series, and compare it with the result of Problem 17.4.
1 1 ; 1 ; 1 1 ; 1
Ans. N=1]|... s oY Bet 2 Y —Pot [ S s ) ot -
ns. f() [ +<9n2 ‘]671)8 T4z € 2 1) Th
1 1Y\ 1 1 1Y ;
Y L) ot R O N P DY X1
(nz + 271)6 g (9:12 + 67r>e ]
Find the exponential Fourier series for the waveform shown in Fig. 17-50 and plot the line spectrum.
1 1 1 1 1 ; 1
Ans. f(=V]|-. 3ot et (L L e 2
ns. f(t) [ +<92+16) +j4 + n2+]2ne +4
1 1 | 1 1
. jot _ 5 1 2wt J3wt L.
+ (71- J 2:1) T T (97r = 67r) + ]
:i\ V
l\ wt w!
0 ™ 2r k2 0 k4 2n 37
Fig. 17-50 Fig. 17-51
Find the exponential Fourier series for the square wave shown in Fig. 17-51 and plot the line spectrum. Add
the exponential series of Problems 17.29 and 17.30 and compare the sum to the series obtained here.
1 1 1 1 1
Ans. f(l): +] e /3wt+] 770)’-’-*—.].*8/&”—].*6'/3(1”—-'-
37 2 T RY 4
Find the exponential Fourier series for the sawtooth waveform shown in Fig. 17-52 and plot the spectrum.
Convert the coefficients obtained here into the trigonometric series coefficients, write the trigonometric
series, and compare the results with the series obtained in Problem 17.19.
I _; I _; 1 | [
Ans. N=1]|... s —jRwt P —jot i ot s ot
ns. f(1) < tige e Ay e e
/i A / w?
ﬂ' 37
! wt l/
0 i 2 4 [6%.4 - V
Fig. 17-52 Fig. 17-53
Find the exponential Fourier series for the waveform shown in Fig. 17-53 and plot the spectrum. Convert

the trigonometric series coefficients found in Problem 17.20 into exponential series coeflicients and compare
them with the coefficients of the series obtained here.

g 1 —j2w .1 —jo .1 jw 1 200
Ans. f(z):V(--«—]ﬂeﬂ’—];e"+J;e"’+jge’2’+--~>
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17.34 Find the exponential Fourier series for the waveform shown in Fig. 17-54 and plot the spectrum. Convert

the coefficients to trigonometric series coefficients, write the trigonometric series, and compare it with that
obtained in Problem 17.21.

2 1 i 2 1 ; 2 1\ ;
Ans. O=V|--- = —j3wt Il P ()] NI Y 24
ns. f(t) [ + <9ﬂ2 J 37T)e + <n2 J ﬂ)c +<n2 + ﬂ)e
2 1Y
= P PV A101)
* (97{2 + 371)6 + ]

w!

27

—

|
< =
A
3
(1)
Z
»
3
€
=)
3 -

Fig. 17-54 Fig. 17-55

17.35 Find the exponential Fourier series for the square wave shown in Fig. 17-55 and plot the line spectrum.
Convert the trigonometric series coefficients of Problem 17.22 into exponential series coefficients and com-
pare with the coefficients in the result obtained here.

2V . . . . . .
Ans. f(l):7(—|—%€ /Swl_%e /3wl+€ /m/+e/w/_%€ /3w/+%€/5wt_”_)

17.36 Find the exponential Fourier series for the waveform shown in Fig. 17-56 and plot the line spectrum.

2 ; 14 w V ,
Ans. f([) =... +% sin (g)eﬂZ(ut +; sin <%>€ﬁw7 _’_g +; sin (g)e.lwz

V 2 ;

wl

4

T T wl
— /6 /6 m 2w

Fig. 17-56 Fig. 17-57

17.37 Find the exponential Fourier series for the half-wave-rectified sine wave shown in Fig. 17-57. Convert these

coefficients into the trigonometric series coefficients, write the trigonometric series, and compare it with the
result of Problem 17.24.

V ; Voo | |80 Vo |28
Ans. M) =+ ——— ,—Jj4ot 2wt 7ot ot 76"2(“[ _ T Jjdwt .
ns. f(?) 3¢ —|—3”£ —|—4£ +7T+4c +371 52 +

17.38 Find the exponential Fourier series for the full-wave rectified sine wave shown in Fig. 17-58 and plot the line
spectrum.

2V 2V 2V 2V 2V
Ans. f()= - —— e M T e g T T e T

Jhwt .
157 3n T 3n 157 ¢ +
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17.39

17.40

17.41

17.42

17.43

17.44

17.45

w!

0] M 2
Fig. 17-58

Find the effective voltage, effective current, and average power supplied to a passive network if the applied
voltage is v =200+ 100cos (5007 + 30°) + 75cos (15007 + 60°) (V) and the resulting current is
i = 3.53cos(500z 4 75°) + 3.55cos (15007 + 78.45°) (A). Ans. 218.5V, 3.54 A, 250.8 W

A voltage v = 50 4+ 25sin 5007 4+ 10 sin 15007 + 5sin 25007 (V) is applied to the terminals of a passive net-
work and the resulting current is

i=5+2.23sin (5007 — 26.6°) + 0.556 sin (15007 — 56.3°) + 0.186 sin (25007 — 68.2°) (A)
Find the effective voltage, effective current, and the average power. Ans. 53.6V, 5.25A, 276.5W

A three-element series circuit, with R=5€Q, L=5mH, and C =50puF, has an applied voltage
v = 150sin 10007 + 100 sin 20007 + 75 sin 30007 (V). Find the effective current and the average power for
the circuit. Sketch the line spectrum of the voltage and the current, and note the effect of series resonance.
Ans. 16.58 A, 1374 W

A two-element series circuit, with R = 10 Q and L = 20 mH, has current
i = 5sin 1007 + 3 sin 3007 + 2sin 500¢  (A)
Find the effective applied voltage and the average power. Ans. 48V, 190 W

A pure inductance, L = 10 mH, has the triangular current wave shown in Fig. 17-59, where w = 500 rad/s.
Obtain the exponential Fourier series for the voltage across the inductance. Compare the answer with the
result of Problem 17.8.

200

Ans. vy =" (o= jie = e gl i 4 ) (V)

10

T T T T wl
TN T ’ S
104

Fig. 17-59 Fig. 17-60

A pure inductance, L = 10 mH, has an applied voltage with the waveform shown in Fig. 17-60, where
w = 200 rad/s. Obtain the current series in trigonometric form and identify the current waveform.

20 . . . . .
Ans. == (sinwt —§ sin 3wt + 5 sin 5wt — g5 sin Twt + --+)  (A); triangular
= 2
Figure 17-61 shows a full-wave-rectified sine wave representing the voltage applied to the terminals of an

LC series circuit. Use the trigonometric Fourier series to find the voltages across the inductor and the
capacitor.
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Ans.

4V,

vy =—
b/

4V,

Ve =——
T

1
2
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cosdwt — - -+

2wl 4wl
710052wt——100s4w1+...
2wl — — 15| 4L — —
_3< @ ZwC) 5( @ 4wC)
1 1
— T cos 2wt + I
2 2wL — —— 15(4 dol — ——
3( a)C)( 1) ZwC) 5( wC)( 0 4wC>
1
Vm
ol - o wt
Fig. 17-61

17.46 A three-element circuit consists of R =15 in series with a parallel combination of L and C.

w=>500rad/s, X; =2Q, Xc=8Q.
v = 50 + 20 sin 5007 + 10 sin 10007 (V).

[CHAP.

At

Find the total current if the applied voltage is given by

Ans.

i = 10 + 3.53 sin (5007 — 28.1°) (A)





