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1.


Fig 1: Part (a), Concordance, Critical Matter, Empty, Low Density & Bounce evaluated for t0-15 Gyr to t0+10 Gyr.

Fig 2: Part (b), Critical Matter, Empty, Vacuum Only & Loitering evaluated for t0-80 Gyr to t0+10 Gyr.


Fig 3: Part (c), Crunch and Crunch with Vacuum evaluated for t0-10 Gyr to t0+55 Gyr.
2. a)
	Universe Name
	Ωm,0
	Ωv,0
	Age of Universe from t0 (Gyr)

	Concordance
	0.3
	0.7
	-13.4673

	Critical Matter
	1.0
	0.0
	-9.31263

	Low Density
	0.3
	0.0
	-11.298

	Empty
	0.0
	0.0
	-13.9686

	Vacuum Only
	0.0
	1.0
	-Infinity

	Loitering
	0.3
	1.713
	-57.7018

	Bounce
	0.1
	3.0
	-Infinity

	Crunch
	3.0
	0.0
	-7.17001

	Crunch with Vacuum
	3.0
	0.1
	-7.22602



The vacuum only universe tends towards a = 0, but never reaches it, because looking at (1), the soltion for a Vacuum Only universe is a(t) = a exp(t). The Bounce universe tends towards a = infinity as t → -∞ and t→ +∞. Vacuum only and Bounce do not have "bangs".



b)
Bounce (Ωm,0  = 0.1, Ωv,0 = 3.0):
	Minimum amin = 0.811749  at:  t = -5.46795 Gyr.
	Maximum amax = +∞ at t=-∞ and t=+∞
Crunch(Ωm,0 = 3, Ωv,0 = 0):
	Minimum amin = 0 at:  t = -7.17001 Gyr and  t = 39.376 Gyr
	Maximum amax = 1.5 at: t = 16.1021 Gyr.
Crunch with Vacuum(Ωm,0 = 3, Ωv,0 = 0.1):
	Minimum amin = 0 at: t = -7.22602 Gyr and t = 52.4238 Gyr
	Maximum amax = 1.63775 at: t = 22.598 Gyr.

c)
	
Universe Name
	
Ωm,0
	
Ωv,0
	Time of Emitted photon for redshift 
z = 1 from t0(Gyr)

	Concordance
	0.3
	0.7
	-7.71534

	Critical Matter
	1.0
	0.0
	-6.01999

	Low Density
	0.3
	0.0
	-6.62538

	Empty
	0.0
	0.0
	-6.98437

	Vacuum Only
	0.0
	1.0
	-9.68224

	Loitering
	0.3
	1.713
	-15.8652

	Bounce
	0.1
	3.0
	N/A (z never 1)

	Crunch
	3.0
	0.0
	-5.03507

	Crunch with Vacuum
	3.0
	0.1
	-5.07865









Bonus:

Fig 4: Concordance model plotted with w_vacuum = -1 (black) and with w_vacuum = -0.9 (red)

#include <iostream>
#include <discpp.h>

static Dislin dlin;

#define H_0 70*1000/3.08567758E22
#define GYR 365.25*24.0*60.0*60.0*1E9
#define totalSize sizeBack + sizeForward + 1

const double GYRH_0 = GYR*H_0;
char legendText[255] = { '/0' };
int legendIndex = 1;

void friedmannPlot(double Omega_m, double Omega_v, float nGy, float pGy, char* curveName, char* col = "WHITE",float w_v = -1.0f, double dT = 0.00001){
	int sizeBack = GYRH_0 / dT*fabs(nGy), sizeForward = GYRH_0 / dT*fabs(pGy);
	double *a = new double[totalSize], *t = new double[totalSize];
	memset(a, 0, sizeof(double)*(totalSize));
	memset(t, 0, sizeof(double)*(totalSize));
	a[sizeBack] = 1;
	t[sizeBack] = 0;
	double a_0_min = INFINITY, t_0_min = NAN;
	double a_0_max = -INFINITY, t_0_max = NAN;
	double a_z = NAN, t_z = NAN; // a = 1/2 corresponds to z = 1 because 1+z = a_obs / a_emitted

	std::cout << curveName << "(Omega_m = " << Omega_m << ", Omega_v = " << Omega_v << "):" << std::endl;

	auto helperLoop = [&](int i, int loopDir){
		double a_0 = 1,	t_0 = 0, temp;
		int acceldir = loopDir;
		for (; (i >= 0) && (i < totalSize); i += loopDir){
			temp = (Omega_m / a_0 + Omega_v*pow(a_0,2-3*(1+w_v)) + (1 - Omega_m - Omega_v));
			if (acceldir > 0 && temp < 0){
				acceldir = -1;
			}
			else if (acceldir < 0 && temp < 0){
				acceldir = 1;
			}

			if (a_0 > 0)
				a_0 += dT*acceldir*sqrt(abs(temp));
			t_0 += loopDir*dT;

			if (a_0 <= 0.5 && isnan(t_z)){
				t_z = t_0;
				a_z = a_0;
			}

			if (a_0 < 0){
				a_0 = 0;
				std::cout << "\ta_0 = 0 at: " << t_0 / GYRH_0 << "Gyr" << std::endl;
			}

			if (a_0 < a_0_min){
				a_0_min = a_0;
				t_0_min = t_0;
			}
			if (a_0 > a_0_max){
				a_0_max = a_0;
				t_0_max = t_0;
			}

			a[i] = a_0;
			t[i] = t_0 / GYRH_0;
		}
	};

	helperLoop(sizeBack - 1, -1);
	helperLoop(sizeBack + 1, 1);

	std::cout << "\ta_0_max = " << a_0_max << " at: " << t_0_max / GYRH_0 << "Gyr. \t" << "a_0_min = " << a_0_min << " at: " << t_0_min / GYRH_0 << "Gyr." << std::endl;
	std::cout << "\ta_Z = " << a_z << " at: " << t_z / GYRH_0 << "Gyr." << std::endl;
	
	std::cout << std::endl;

	dlin.color(col);
	dlin.leglin(legendText, curveName, legendIndex++);
	dlin.curve(t, a, totalSize);

	delete[] a;
	delete[] t;
};

int main() {
	dlin.metafl("PNG");
	dlin.filmod("COUNT");
	dlin.scrmod("REVERS");
#ifdef _DEBUG
	dlin.metafl("XWIN");
#endif
	auto dislinInit = [](){
		dlin.disini();
		//dlin.nochek();
		dlin.pagera();
		dlin.name("Time t (Gyr)", "X");
		dlin.name("Scale Factor a(t)", "Y");
		legendIndex = 1;
		dlin.complx();
		
	};
	
	int nGYr, pGyr;

	//a)
	dislinInit();
	nGYr = -15;
	pGyr = 10;
	dlin.graf(nGYr, pGyr, nGYr, 5, 0, 2.78, 0, 0.5);

	dlin.legini(legendText, 5, 50);
	dlin.legtit("Legend");

	friedmannPlot(0.3, 0.7, nGYr, pGyr, "Concordance", "WHITE"); // Concordance
	friedmannPlot(1.0, 0.0, nGYr, pGyr, "Critical Matter", "RED"); // Critical Matter
	friedmannPlot(0.3, 0.0, nGYr, pGyr, "Low Density", "BLUE"); // Low Density
	friedmannPlot(0.0, 0.0, nGYr, pGyr, "Empty", "GREEN"); // Empty
	friedmannPlot(0.1, 3.0, nGYr, pGyr, "Bounce", "CYAN"); // Bounce

	dlin.color("WHITE");
	dlin.legpos(1000, 650);
	dlin.legend(legendText,legendIndex-1);
	

	dlin.disfin();

	//b)
	dislinInit();
	nGYr = -80;
	pGyr = 10;
	dlin.graf(nGYr, pGyr, nGYr, 10, 0, 2.2707, 0, 0.5);

	dlin.legini(legendText, 4, 50);
	dlin.legtit("Legend");

	friedmannPlot(1.0, 0.0, nGYr, pGyr, "Critical Matter", "WHITE"); // Critical Matter
	friedmannPlot(0.0, 0.0, nGYr, pGyr, "Empty", "RED"); // Empty
	friedmannPlot(0.0, 1.0, nGYr, pGyr, "Vacuum Only", "BLUE"); // Vacuum Only
	friedmannPlot(0.3, 1.713, nGYr, pGyr, "Loitering", "GREEN"); // Loitering

	dlin.color("WHITE");
	dlin.legpos(1000, 650);
	dlin.legend(legendText, legendIndex-1);


	dlin.disfin();

	//c)	
	dislinInit();
	nGYr = -10;
	pGyr = 55;
	dlin.graf(nGYr, pGyr, nGYr, 10, 0, 2, 0, 0.5);

	dlin.legini(legendText, 2, 50);
	dlin.legtit("Legend");

	friedmannPlot(3.0, 0.0, nGYr, pGyr, "Crunch", "WHITE"); // Crunch
	friedmannPlot(3.0, 0.1, nGYr, pGyr, "Crunch with Vacuum", "RED"); // Crunch with Vacuum

	dlin.color("WHITE");
	dlin.legpos(1000, 1350);
	dlin.legend(legendText, legendIndex-1);

	dlin.disfin();

	//Bonus
	dislinInit();
	nGYr = -15;
	pGyr = 10;
	dlin.graf(nGYr, pGyr, nGYr, 10, 0, 2, 0, 0.5);

	dlin.legini(legendText, 2, 50);
	dlin.legtit("Legend");

	friedmannPlot(0.3, 0.7, nGYr, pGyr, "Concordance with w_v = -1", "WHITE");
	friedmannPlot(0.3, 0.7, nGYr, pGyr, "Concordance with w_v = -0.9", "RED",-0.9f);

	dlin.color("WHITE");
	dlin.legpos(800, 550);
	dlin.legend(legendText, legendIndex - 1);

	dlin.disfin();

	system("PAUSE");
	return(0);
}

Program Output:

Concordance(Omega_m = 0.3, Omega_v = 0.7):
	a_0 = 0 at: -13.4673Gyr
	a_0_max = 1.91773 at: 9.99988Gyr. 	a_0_min = 0 at: -13.4673Gyr.
	a_Z = 0.499999 at: -7.71534Gyr.

Critical Matter(Omega_m = 1, Omega_v = 0):
	a_0 = 0 at: -9.31263Gyr
	a_0_max = 1.62623 at: 9.99988Gyr. 	a_0_min = 0 at: -9.31263Gyr.
	a_Z = 0.499995 at: -6.01999Gyr.

Low Density(Omega_m = 0.3, Omega_v = 0):
	a_0 = 0 at: -11.298Gyr
	a_0_max = 1.68935 at: 9.99988Gyr. 	a_0_min = 0 at: -11.298Gyr.
	a_Z = 0.499996 at: -6.62538Gyr.

Empty(Omega_m = 0, Omega_v = 0):
	a_0 = 0 at: -13.9686Gyr
	a_0_max = 1.71589 at: 9.99988Gyr. 	a_0_min = 0 at: -13.9686Gyr.
	a_Z = 0.49999 at: -6.98437Gyr.

Bounce(Omega_m = 0.1, Omega_v = 3):
	a_0_max = 2.77735 at: 9.99988Gyr. 	a_0_min = 0.811749 at: -5.46795Gyr.
	a_Z = -1.#IND at: -1.#INDGyr.

 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
 <<                END OF DISLIN / VERSION 10.4.3                <<
 <<  Date    : 15.10.2014  Time    : 19:51:02  Pageformat: DA4L  <<
 <<  Vectors : 810944      Warnings: 0         Fileformat: XWIN  <<
 <<  Metafile: Part_A.png                                        <<
 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<

Critical Matter(Omega_m = 1, Omega_v = 0):
	a_0 = 0 at: -9.31263Gyr
	a_0_max = 1.62623 at: 9.99988Gyr. 	a_0_min = 0 at: -9.31263Gyr.
	a_Z = 0.499995 at: -6.01999Gyr.

Empty(Omega_m = 0, Omega_v = 0):
	a_0 = 0 at: -13.9686Gyr
	a_0_max = 1.71589 at: 9.99988Gyr. 	a_0_min = 0 at: -13.9686Gyr.
	a_Z = 0.49999 at: -6.98437Gyr.

Vacuum Only(Omega_m = 0, Omega_v = 1):
	a_0_max = 2.046 at: 9.99988Gyr. 	a_0_min = 0.00325615 at: -79.9999Gyr.
	a_Z = 0.499997 at: -9.68224Gyr.

Loitering(Omega_m = 0.3, Omega_v = 1.713):
	a_0 = 0 at: -57.7018Gyr
	a_0_max = 2.27065 at: 9.99988Gyr. 	a_0_min = 0 at: -57.7018Gyr.
	a_Z = 0.499999 at: -15.8652Gyr.


 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
 <<                END OF DISLIN / VERSION 10.4.3                <<
 <<  Date    : 15.10.2014  Time    : 19:51:03  Pageformat: DA4L  <<
 <<  Vectors : 1439719     Warnings: 0         Fileformat: XWIN  <<
 <<  Metafile: Part_B.png                                        <<
 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<

Crunch(Omega_m = 3, Omega_v = 0):
	a_0 = 0 at: -7.17001Gyr
	a_0 = 0 at: 39.376Gyr
	a_0_max = 1.5 at: 16.1021Gyr. 	a_0_min = 0 at: -7.17001Gyr.
	a_Z = 0.49999 at: -5.03507Gyr.

Crunch with Vacuum(Omega_m = 3, Omega_v = 0.1):
	a_0 = 0 at: -7.22602Gyr
	a_0 = 0 at: 52.4238Gyr
	a_0_max = 1.63775 at: 22.598Gyr. 	a_0_min = 0 at: -7.22602Gyr.
	a_Z = 0.499995 at: -5.07865Gyr.


 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
 <<                END OF DISLIN / VERSION 10.4.3                <<
 <<  Date    : 15.10.2014  Time    : 19:51:03  Pageformat: DA4L  <<
 <<  Vectors : 762271      Warnings: 0         Fileformat: XWIN  <<
 <<  Metafile: Part_C.png                                        <<
 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<

Concordance with w_v = -1(Omega_m = 0.3, Omega_v = 0.7):
	a_0 = 0 at: -13.4673Gyr
	a_0_max = 1.91773 at: 9.99988Gyr. 	a_0_min = 0 at: -13.4673Gyr.
	a_Z = 0.499999 at: -7.71534Gyr.

Concordance with w_v = -0.9(Omega_m = 0.3, Omega_v = 0.7):
	a_0 = 0 at: -13.2475Gyr
	a_0_max = 1.86907 at: 9.99988Gyr. 	a_0_min = 0 at: -13.2475Gyr.
	a_Z = 0.499997 at: -7.56937Gyr.

Press any key to continue . . . 

 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
 <<                END OF DISLIN / VERSION 10.4.3                <<
 <<  Date    : 15.10.2014  Time    : 19:51:04  Pageformat: DA4L  <<
 <<  Vectors : 336164      Warnings: 0         Fileformat: XWIN  <<
 <<  Metafile: Bonus.png                                         <<
 <<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
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